Let R be a nil ring. We prove that primitive ideals in the polynomial ring R [x] in one indeterminate over R are of the form I[x] for some ideals I of R.
minimal number d such that g ∈ R + Rx + . . . + Rx d . Given a ∈ R let < a > R denote the ideal generated by a in R and < a > R [x] the ideal generated by a in R [x] . For a ring R, by J(R) we denote the Jacobson radical of R.
We write I ⊳ R if I is a two-sided ideal of a ring R, and Q ⊳ r R if Q is a right ideal of R.
Lemma 1 Let R be a ring , r ∈ R, f ∈ R[x], Q ⊳ r R[x] and b ∈ R[x] be such that a − ba ∈ Q for every a ∈ R [x] . Suppose b − xrf ∈ Q. Then for every i there is f i ∈ R[x] such that b − x i rf i ∈ Q and deg f i ≤ deg f for all i.
Proof. We proceed by induction on n. If n = 1 we put f 1 = f . Suppose Lemma holds for some n ≥ 1 with
Lemma 2 Let R be a ring and I ⊳R[x] and a 0 +a 1 x+. . .
such that , h − g ∈ I and deg g < deg h.
Suppose
Applying several times Lemma 2.1 for h = h n , we get that there are g n ∈ R[x] such that b − x n rg n ∈ Q for all n > t and deg g n ≤ k. We are done.
Let R be a ring. Given r ∈ R and Q ⊳ r R and b ∈ R[x] such that a − ba ∈ Q for every a ∈ R[x] we say that v is a "good number for r" if for all sufficiently large n, there are f n ∈ R[x] such that deg f n ≤ v and b − x n rf n ∈ Q.
. Let r ∈ R, r / ∈ Q and let v be a good number for all a ∈ rR, a / ∈ Q. Suppose there are p, p
Proof. Since v is a good number for p, p ′ then for sufficiently large n there are
If for all sufficiently large n either p n,v ∈ Q or p ′ n,v ∈ Q then v − 1 is a good number for r. Suppose that there is m such that
Since deg k n ≤ v − 1 then v − 1 is a good number for r.
Theorem 1 Let R be a nil ring and I be a primitive ideal in R[x] (if any).
Proof. Suppose the contrary, that there are a 0 , a 1 , . . . , a k ∈ R, a k / ∈ I such that a 0 + a 1 x + . . . + a k x k ∈ I. From the definition there is a modular maximal right ideal Q in R[x] such that I is the maximal possible ideal contained in Q.
2 we get that k − 1 is a good number for all r ∈ R, r / ∈ Q. Let v be minimal such that v is a good number for all r ∈ R, r / ∈ Q. We will show that v = 0 and hence get a contradiction (since R is a nil ring ). Suppose v > 0. Let r ∈ R, r / ∈ Q. We will show that v − 1 is a good number for r. Since v is a good number for r then for some i there are
where n j is minimal possible such that c nj j / ∈ Q where i ≤ j ≤ i+k. (if c j ∈ Q we put e j = 1). Now either v − 1 is a good number for r or there is s / ∈ Q such that s ∈ i+k j=i (e j R + Q) and s ∈ e i R (by Lemma 3). Then s− e j d j ∈ Q for some d j ∈ R, i ≤ j ≤ i+k. Since v is a good number for s then for sufficiently large n there
Since it holds for all sufficiently large n we get that v − 1 is a good number for r. 
